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1 Lecture 1- May 25, 2026

Semigroups from Linear Algebra

Let A be a matrix with rational or integral entries. After clearing denominators, every
rational matrix relevant to lattice-point questions may be replaced by an integral matrix.

Definition 1.1 (Semigroup). A semigroup is a set S equipped with an associative binary
operation. In the context of this lecture, we primarily consider additive subsemigroups
of Z", which are subsets S C Z™ that are closed under addition. That is, if z,y € 5,
thenz +y € S.

The basic objects in the lecture are subsets of Z™ cut out by linear equalities and inequalities.
For example, the set of solutions

{r € Z" | Az =0}
forms an additive semigroup. Similarly, the set of nonnegative solutions
{r €eZ" | Az > 0}

is a semigroup.

Definition 1.2 (Integral span). Let vq,...,v, € Z". The integral span of these vectors
is

‘
spang{vy, ..., v} = {Z Aiv; | A\ € Z} .
i=1
N
Definition 1.3 (Positive span). Let vy,...,v, € Z". The positive span, or rational

polyhedral cone generated by these vectors, is

¢
pos{vy,..., v} = {Z A\iV;

i=1

Aizo}.

Example 1.4. The set
{xr eZ"| Az = 0}

is an integral span, and
{reZ"| Az > 0}

is the lattice points of a positive span.
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Affine Semigroups

N
Definition 1.5 (Affine semigroup). An affine semigroup is a finitely generated subsemi-
group
S C(Z"+).
That is, we can write
¢
S =N{vy,...,0}:= {anv, n; € N} .
i=1

Here v; € Z". Throughout these notes, k denotes an algebraically closed field of
characteristic 0.

N
Definition 1.6 (Group generated by a semigroup). Let S be a semigroup. The group
generated by S is

7S = {81 —82|81,82 € S}

If S =N{vy,...,v}, then ZS = spang{vy, ..., v}

N
Definition 1.7 (Rank). The rank of an affine semigroup S is the rank of the abelian
group Z5S:

rank(S) = ranky(ZS).

If ZS = Z", then rank(S) = n.

~
Definition 1.8 (Saturation). Let S be an affine semigroup. We say that S is saturated
if, whenever x € ZS and k € Ny satisfy

kx €S,
then z € S. Equivalently, S is saturated if
S ={x€ZS|kx €S for some k € Ny} .
-

Remark 1.9. Informally, a saturated semigroup has no missing lattice points inside its
rational cone.
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Numerical Semigroups and the Frobenius Problem

Definition 1.10 (Numerical semigroup). A numerical semigroup is a subsemigroup
S C N such that N'\ S is finite.

Example 1.11. Let
S =N{a,b} ={ma+nb|m,n e N} CN.

Assume ged(a,b) = 1. If ged(a,b) # 1, then S generates a proper subgroup of Z, so
infinitely many natural numbers are missing from S. Conversely, if ged(a,b) = 1, the
classical Frobenius theorem implies that all sufficiently large natural numbers lie in S.

N
Theorem 1.12 (Sylvester’s theorem). Let a,b € Nyg satisfy ged(a,b) = 1, and let

S = N{a,b}. Define f(a,b) =(a—1)(b—1).
(1) If N > f(a,b), then
N es.

The largest integer not in S is f(a,b) —1 =ab—a —b.
(2) The number of gaps in

{0,1,2,..., f(a,b)}

is exactly @ .

Equivalently, the Frobenius number of S is

F(a,b) =ab—a —b.

Example 1.13. Let
S =N{3,5} CN.

We can compute the elements of S
S =40,3,5,6,8,9,10,11,12,...}.

The set of gaps is:
N\ S ={1,2,4,7}.

The Frobenius number is F'(3,5) =3-5—-3 —-5=7.
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S = N{3,5}

X X o X' o o X o 0o o o o

1 2 3 4 5 6 7 8 9 10 11 12
gaps: 1,2,4,7

0

Question 1.14 (Three-generator Frobenius problem). Let
S =N{a,b,c} CN

where ged(a,b,¢) = 1. What is F(a,b,c)? For example, consider S = N{9, 10, 11}.
There is no general simple formula for the Frobenius number in three generators.

Examples and Nonexamples of Saturation

Example 1.15. Let
S =N{3,5} CN.

Because N\ S = {1,2,4,7}, S is not saturated inside N.

Example 1.16. Let
S =N{a,b} CN.

If d = ged(a,b) # 1, then ZS = dZ, so every nonnegative integer not divisible by d is
missing from S.

Example 1.17 (A nonsaturated affine semigroup). Let
S =N{(1,0),(1,2),(2,1)} C Z*.
The cone generated by S is the same cone generated by (1,0) and (1,2), namely
Cone(S) = {(x,y) cR*|0<y< Qx}.

Unlike the semigroup N{(1,0), (1,2)}, this semigroup generates the whole lattice Z?.
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Indeed,
det <(1) i) =1,
so the two elements (1,0) and (2, 1) already generate Z* as a group. Hence
7S = 7.
We now show that S is not saturated. Consider the lattice point
(1,1) € ZS = 7°.
This point is not in S. Indeed, if
(1,1) = a(1,0) + b(1,2) +¢(2,1)
with a,b,c € N, then comparing coordinates gives
a+b+2c=1, 2b+c=1.

The second equation forces either b = 0, ¢ = 1, but then the first equation gives a+2 =1,
impossible. Hence (1,1) ¢ S.
However,

2(1,1) =(2,2) = (1,0) + (1,2) € S.

Thus there exists an element = = (1,1) € ZS such that x ¢ S, but 2z € S. Therefore S
is not saturated.
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Pointed Cones and Gordan’s Lemma

A central source of affine semigroups is given by lattice points inside rational polyhedral
cones.

Definition 1.18 (Pointed cone). Let o be a cone. We say that o is pointed if
onN(—o)={0}.

Geometrically, this says that the cone has its apex at 0.

Example 1.19. Let
oc={xeR"| Az > 0}

be a pointed rational polyhedral cone. Then
S=on%Z"

is a semigroup.

Proposition 1.20. Let o be a rational polyhedral cone, and set
S=ocnN2Z".

If ZS = 7", then S is saturated.

Proof. Suppose x € ZS and kx € S for some k € Nyj. Since S C o, we have
kx € o.

Since o is a cone, it is closed under multiplication by positive real scalars. Hence

1
T = %(kx) € o.

Therefore x € o NZS. In the case ZS = Z", this is simply

rC€oNZ"=S8.
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Theorem 1.21 (Gordan’s lemma). Let
o =pos{vy,...,u} CR"
be a rational cone, where vy,...,v, € Z". Then
S=onZ"

is an affine semigroup (it is finitely generated).

Proof. Let v € S. Since v € o, there exist real numbers \; > 0 such that

¢
v = Z Aiv;.
i=1

Write \; = [ A\;] + {\;}, where

Then , ,
i=1 i=1
Define the fundamental parallelepiped

¢
Par(vy,...,v) = {Z,uﬂh‘ 0<pu; < 1}.

i=1

Since v and Y'_, [\ |v; are lattice points, the second summand is also a lattice point. Hence
¢
> {\i}vi € Par(vy, ..., v) NZ".

i=1

The intersection Par(vy,...,v,) NZ" is a bounded discrete set, hence finite. It follows that
every element of S is generated by the finite set

{v1, ..., v} U (Par(vl, CeyVp) DZ").

Remark 1.22. The lecture conclusion was:

generators of S C {vy,..., v} U (Par(vl, cey ) N Z”),
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which proves the set is finitely generated.

N
Definition 1.23 (Hilbert basis). Let S be a positive affine semigroup. A minimal set
of semigroup generators for S is called the Hilbert basis of S, denoted Hilb(S). For a
positive affine semigroup, an element g € S\ {0} belongs to Hilb(S) if and only if it
cannot be written as

g=v+
with nonzero v,v’ € S.

Semigroup Rings

Let S be an affine semigroup.

N

Definition 1.24 (Semigroup ring). The semigroup ring of S over k is
k[S] =k[t™ | m € S].
For m = (mq,...,my) € Z", we write
£ = g

The multiplication rule is ™" = tm™+m'

Remark 1.25. When S C N", the ring k[S] is a subalgebra of the polynomial ring
k[t1,...,t,]. More generally, if S C Z", then k[S] is naturally a subalgebra of the
Laurent polynomial ring

k[t ..., 5.

Example 1.26. Let
S =N{(1,0), (1,1, (1,2)} C 72

Then
K[S] = K[t1, t1ta, t113] C K[t1, to].

Notice that (1,1) = 1((1,0) + (1,2)) € pos{(1,0), (1,2)}, but (1,1) cannot be written as
a sum of other nonzero elements in S, so it is a necessary Hilbert-basis element.
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y ¢

(1,2) S

Proposition 1.27. Let S be an affine semigroup. Then:
(1) k[S] is an integral domain.
(2) dimk[S] = rank(S). If S = o NZ", then dimk[S] = dimo.
(3) k[S] is a finitely generated k-algebra.
(4) If S is saturated, then K[S] is integrally closed.

Proof. Since k[S] embeds into the Laurent polynomial ring
K[t

it is an integral domain.

The dimension statement follows because the fraction field of k[S] is generated by the
characters corresponding to the group ZS. Therefore the transcendence degree of Frac(k[S])

over k is rank(.S), and hence
dim k[S] = rank(.S).

If S=N{my,...,m,}, then
k[S] = k[t™, ..., t™],
which proves it is finitely generated.

Finally, the equivalence between saturation of S and normality of k[S] is the standard
normality criterion for affine semigroup rings O]
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Remark 1.28. The last point is the algebraic heart of the toric dictionary:
S saturated <= k[S] normal

Affine toric varieties are exactly spectra of saturated affine semigroup rings.

Presentations by Binomial Ideals

Let
S:N{ml,...,mr} QZ"

There is a surjective k-algebra homomorphism
o k[Th,...,T.] — k[S]
given by
T, — t".
By the First Isomorphism Theorem,

k[T:,...,T,
k[S]g[lker@]'

Example 1.29. Let
$ = N{(1,0), (1,1), (1,2)}.

Let
my = (1,0), mo = (]_, 1), ms = (1,2)
The map is
(ol k[Tl,Tg,Tg] — ﬂ([S]
with

T —> t1, T5 — tito, T3 — tltg

Notice that
mi + ms = 2mao,

which implies that
p(TT3) = tit; = o(T3).

Thus,
T\Ts — T3 € ker .
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In fact, it is true that ker p = (TyT3 — T%), so
k|17, T5,T:
]k[S]g [ 1,42, ;’)]
(LT3 —13)
k[Tl,T2,T3]7 k[S]
k[Tv, T3, Ts) /(TVT5 — T3)

N

Theorem 1.30 (Affine semigroup rings have binomial presentations). Let S be an affine
semigroup generated by my, ..., m,. Then

k|Ty, ..., T,
k[S]g [17[57 r]’

where Ig is a binomial ideal.

Proof. The map
o k[Ty,...,T.] = Kk[S], T; — t™,

maps monomials to monomials. For a = (ay,...,a,) € N", we have
Q(T) = goamittarms.
Thus ¢(T%) = ¢(T”) when ) )
‘2:1 Q;my = 2; Bim;.

The kernel is generated by the binomials 7% — T7.

Multigrading and Affine Toric Geometry

The semigroup ring k[S] is naturally graded by the group ZS:
deg(t™) = m.

Under the presentation

K[S] = K[T}, ..., T,)/Is,
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this corresponds to setting
deg(T;) = m,.

Geometrically, the presentation

K[TY,...,T)]

k(] = =

gives a closed embedding of the affine toric variety into affine space:

Speck[S] < Speck[T},...,T,| = A".

Remark 1.31. The final note from the lecture is that the minimal graded free resolution
of binomial ideals is far from understood. Thus, even though affine semigroup rings have
explicit binomial presentations, the homological algebra of their defining ideals can be
highly nontrivial.

2 Lecture 2- May 26, 2026

Affine Semigroups and Hilbert Series

Let G C R" be a rational polyhedral cone defined by:
o={x| Az >0} CR", AcZ™" m>n

Assume that o is strongly convex, meaning o N (—c) = {0}.
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We define the affine semigroup S as:
S=o0nZ"
The cone o can also be described as the positive hull of S
o =pos(S) = {Z)\isi | A >0, s; € S}

We assume dim(G) = n.

Let K be a field with char(K) = 0. The semigroup ring is given by:
K[S] = KloNZ"]
This ring can be graded in two ways:

1. Fine grading: K|S] is graded by Z", where deg(t™) = m.
2. Coarse grading: K[t™ | m € 5] is graded by Z, where deg(t™) = > m;.

Definition 2.1 (Hilbert Series). Using the fine grading, the Hilbert series of K[S] is
given by:
Hilb(K[S];2) = ) _ 2™

meS

Example 2.2. Consider the cone in R? defined by the inequalities z; > 0 and —x;+2x5 >
0. The rays of this cone are generated by the columns of the matrix:

()

-
@ ® ® ®

@ ® ®

¢ ®

& w1
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Notice that the subsemigroup generated by the rays does not cover the entire intersection

ARV
0 2
2| 1)

It’s not covering the whole thing; the point corresponding to z;zo (which is (1,1)) is
missing from the ray generators.

C 72

The generating function for just the rays would be:

n((0 D)= () (=)
=(14+zm+22+.. ) )x(1+2%+...)

=l+mtLntatint...

To get the full Hilbert series, we must account for the missing point (1,1) inside the
fundamental parallelogram. Thus, the correct Hilbert series is:

' 1 2179

Hilb(K[S]; =

Ib(KIS) 210 2) = T Sy Y o)1 = 2a)
1+ 2129

(1 — 22)(1 — 2329)

Now, assume o is simplicial, meaning o = pos{vy, ..., v,} where the v; are linearly indepen-
dent and the ged of the entries of each v; is 1. We define the fundamental parallelogram
as:

Par{vl,...,vn} = {Z)\ﬂ}l | 0< /\z < 1}

Theorem 2.3. If o is simplicial, the Hilbert series is given by:

Hilb(K[S]; z) = W
i=1

Remark 2.4. Refer to the graph on the previous page to explain how points in the
fundamental parallelogram shift the ray-generated points to cover the entire semigroup
cone.

Cohen-Macaulay Property and Free Resolutions

Let 0 = pos{vy,...,v.} with e > n being finite. We have:

K[t*, ..., t%] C K[S] (finite)
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The polynomial ring K[T7,...,T.] (which is not finite) maps surjectively onto K[S] via
T; — t¥. This implies that K[S] is a finite K[T]-module.

Taking @) = KT, we can construct a graded free resolution of @-modules:
0—=F,— - —F —F—K[S|—0

This yields a rational expression for the Hilbert series:

P(z)

Hilb(K[S]; z) = e (1= =)

Theorem 2.5 (Hochster). K[S] is Cohen-Macaulay (CM). Recall that K[S] is CM
if and only if one (equivalently every) homogeneous system of parameters (hsop) is a
reqular sequence.

Under the coarse grading, let 01,0, ...,6, € K[S] be a homogeneous system of parameters.
If K[S] is a finite module over K[fy,...,#6,], then the hsop is a regular sequence if and only
if K[S] is a free module over K[fy,...,0,].

Theorem 2.6. If 0y,...,0, are a reqular sequence, then:

S pdes(m:)

Hilb(K([S); ) = (1 = pdes)

where 1y, ..., ns are a basis for K[S] as a K[0y,...,0,]-module.

Remark 2.7. A homogeneous system of parameters exists in K[S], existing in degree 1
by Noether Normalization. Here, the semigroup S needs to be saturated.

Local Cohomology and the Canonical Module

Proof Strategy: Stanley and Ishida compute the local cohomology to prove these properties.
Let I C K[S] be the ideal I = (t™ | m € S, m # 0). Define the left exact additive functor:

LiM)={ue M |I"u=0 for n >0}
The local cohomology modules are defined as the right derived functors:
Hi{(M) = R'L;(M)

We can compute this using the Cech / Ishida complex.
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General picture:
HI{K[S])=0for0<i<n

For the top cohomology:
H}(K[S]) = K{t™ | A(—m) >0, m € Z"}

which is supported on Am < 0. Geometrically, this corresponds to lattice points in the strict
interior of the opposite cone, —int(o).

)

canonical

module

T

©
© ©
© © ©

Definition 2.8 (Canonical Module). The canonical module Q(K[S]) is defined alge-
braically by:
Q(K[S]) = K{t"™ | Am > 0} = K{int(0)}

This implies that Q(K[S]) is an ideal of K[S]. If Q(K[S]) ~ K|S] as modules, it implies
that K[S] is a Gorenstein ring.

For the running example, the generator of the interior of the cone is t(»1). Thus:

Q(K[S)) = t"Y . K[S] = Gorenstein

3 Lecture 3- May 27, 2026
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Affine Semigroup Rings and Canonical Modules

Let 0 C R"™ be a rational polyhedral cone. We write it both by inequalities and by generators:

o={zxeR"| Az > 0} = pos{vy,..., v}, v; € 2", > n.
Let
R=KloNZ"]
R= @ K-z deg(z?) = a.
acoNZn

QR = K{O’O HZ”}
QR: @ K-z

a€c®NZm

Remark 3.1. For a normal affine semigroup ring R = Ko N Z"], the formula

QR = K{O’O ﬂZ”}

Let
Q=K[T,..., Ty, deg(T;) = v; € Z".

Q — Ra T‘z — $Ui7
Since R is finite over @), it admits a finite graded free resolution
0O —F, —F,_1— - —F—IFN—R—70.

00— Fy — F — - — F — Qp — 0,
Fi = Homg(F;, Q).
Homg (Q(a), Q) = Q(~a).

Then
Hilb(Qg; 2) = (—=1)* Hilb(R; z71).

Hilb(R; 2) = (—1)*Hilb(Qg; 271).

Theorem 3.2 (Hilbert-series reciprocity for affine semigroup rings). Let R = K[o N Z"]
be a normal affine semigroup ring of dimension d, and let Qg be its canonical module.

N
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Lattice Polytopes and Ehrhart Functions

Let P C R" be a bounded polytope. It may be described by inequalities
P ={zxeR"| Az > b},

P = conv(V), V CR", V] < o0.

N
Definition 3.3 (Lattice polytope). A polytope P C R"™ is called a lattice polytope if all
of its vertices lie in the integer lattice:

V(P)CzZ".
For m € N, define the Ehrhart counting function

i(P,m) = |mP NZ"|.

The Cone Over a Polytope

Let P C R" be a lattice polytope. The cone over P is

op =pos{(v,1) |v € V(P)} C R".

The intersection of op with the hyperplane of height m is naturally identified with mP:

op N{xp1 =m} = mP.
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> Nilv, 1) = <Z /\iviaz>\i> ; Ai >0,

Ai
zj: ANiU; = mzi: %vi € mbP.
The semigroup ring
KlopNZ"
deg(z*t™) = m.
KlopNZ'™") = @ R,,  dimg R, = [mPNZ".

m>0

Remark 3.4. The semigroup ring K[op N Z""!] is not necessarily generated in degree

1. This is why one must be careful when using Noether normalization by linear forms.

The degree-one part corresponds to lattice points of P, but these need not generate all
lattice points of the cone.

The Hilbert series of K[op NZ""] is precisely the Ehrhart series of P:

Hilb(K[op NZ"');2) = > (dimg Rn)2™ = Y i(P,m)2".

m>0 m>0

Ep(z) = Y i(P,m)z".

m>0

Cohen—Macaulayness and Rationality of the Ehrhart Series

Theorem 3.5 (Hochster). Let o be a rational polyhedral cone. If the affine semigroup
o NZ"™ is normal, then the semigroup ring

Ko NZ"

is Cohen—Macaulay.

N

Applying this to op, the Ehrhart ring
KlopNZ"

is Cohen—Macaulay.

Let
R = K[O’p N Zn+1].

dimR=n+1.
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Choose a homogeneous system of parameters

00,01, ...,0,

Remark 3.6. The notes indicate the existence of a linear homogeneous system of
parameters via finite extensions. The relevant commutative algebra principle is Noether
normalization: a finitely generated graded K-algebra admits a polynomial subring

K[fo,...,0,] CR

over which it is module-finite.

Thus the Hilbert series has the form

TR s

Hilb(R; 2) (1= 2y ,
h; e N, 0<s<n.
" hid .

h*(P) = (hg, hi, - )

Remark 3.7. The handwritten note

deg(Hilb) < 0 related H?(P) is negative degree

Ehrhart Polynomial
Expanding the denominator by the binomial series gives
1

o)

m>0

et = (S (5 (727)=)

Comparing coefficients of 2™ yields

—1
i(P,m):hE‘)(n—;m> +h’{<”+’: >+---+h;§<7:>.
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dimg R, = i(P,m) = |mP NZ"|.

Recall that

(a) b!(aai - ala — 1)~~l~)!(a—b+1)‘

<n—|—m> _?}“(n+m)<n+m—1)---(m+1)G@[m]'

mTL

(B by ).

N
Theorem 3.8 (Ehrhart’s theorem). Let P C R™ be an n-dimensional lattice polytope.

Then
i(P,m) = |mPNZ"|

is a polynomial in m of degree n, and
i(P,m) = vol(P)m™ + lower-degree terms,

where vol(P) is the normalized Euclidean volume.

Proof. The Ehrhart series has the rational form

nohEsd
Ep(z) = 79200
p(2) (1— 2)n
i(P,m) = Zhj<n+m_J),
j=0 "
Each term (”J”:_j ) is a polynomial in m of degree n with leading coefficient 1/n!. Therefore
B* 4 ...+ R*
i(P,m) = 0+—‘+”m” + lower-degree terms.
n!
[ SR
vol(P) = @
n!
0]
The main consequences are:
(1) i(P,m) is a polynomial in m.
(2) degi(P,m)=n = dim P.
(3) The leading coefficient is
B4 ...+ R*
fo - Ay vol(P).

n!
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Equivalently,

1
imP NZ"| = ‘P N —Z" = aym™ + ap_ym™ L+,
m

a, = vol(P).

Basic Properties of the h*-Vector

The h*-vector satisfies the following fundamental properties:

and
hy =|P°NZ".

Indeed, substituting m = 0 gives
i(P,0) =1,

i(P,0) :h@(Z) +h;<”;1> +---+h;;®

Substituting m = 1 gives

1 —1 1
]PmZ”]:h3<n+ >+h;<n>+h;<n >+---+h;< )
n n n n

(k>:O for 0 < k < n,

n
|PNZ"| = (n+ 1)hy + hi.
hi=|PNZ"|—n—1.

Ehrhart—Macdonald Reciprocity

The binomial-coefficient expression for i(P,m) can be evaluated at negative integers. Substi-
tuting —m gives

i(P,—m):hS(n;m> +h>;<"_7:_1> +~--+hj;<_:b>.
(—nr) _(_1)n<r+z—1>7

i(P,—m) = (—1)" (h;;(”*:_l) +h;:_1<”+7:_2> +---+h3<m;1>>.
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~
Theorem 3.9 (Ehrhart—-Macdonald reciprocity). Let P C R™ be an n-dimensional

lattice polytope. Then, for every positive integer m,
i(P,—m) = (=1)"|mP° NZ"|.
i(P%,m)(=1)" = i(P, —m),
i(P°,m)=|mP°NZ"|

Taking m = 1 in Ehrhart—-Macdonald reciprocity gives

i(P,—1) = (=1)"|P° N Z"|.

—1 —2 -1
i(P,—l):h(”;(nn >+h;<”n >+---+h;‘;_1<2>+h;<n>_

<k>—0 for 0 < k <n,

(1) -
i(P,—1) = (=1)"hy,.
(=1)"h;, = (=1)"|P"NZ",
h: = |P°NZ".

Example: The Unit Cube

Example 3.10 (The standard unit cube). Let
P=10,1"=0,

P={zxeR"|0<uz; <1 forall i}.
mP = [0, m]".
i(P,m) =|[0,m]"NZ"] = (m+1)"
Ep(z) =Y (m+1)"2".

m>0

For n = 5, one obtains

1426246622 +262°+244+0-2°
Ep(z) = > (m+1)°2" = :

50 (1 —2)6
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h*(Os) = (1,26,66,26,1,0).

4 Lecture 4- May 28, 2026

Ehrhart theory

Definition 4.1 (Lattice polytope). A lattice polytope is a polytope

P =conv(V) CR"

Definition 4.2 (Ehrhart function and Ehrhart polynomial). Let P C R™ be a lattice
polytope of dimension n. For m € N, define

i(P,m) = |mP NZ"|.

i(P,m) € Q[m].

~

Definition 4.3 (Ehrhart series). The Ehrhart series of P is the generating function

Ep(z) = 3 i(P,m)2" € Q[[2]].

m>0

Brls) = oo

hp(z) = hy+hiz+ - -+ hl2’

Theorem 4.4 (Stanley nonnegativity theorem). Let P C R" be a lattice polytope. Then
hp(z) =hs+hiz+---+h2°

h: >0 for all i.

1

N

Remark 4.5 (Basic facts about the hA*-polynomial). The constant term is always
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-
Remark 4.6 (Monotonicity). If P C P’ are lattice polytopes, then the corresponding
h*-vectors satisfy coefficientwise monotonicity:

h*(P) < h*(P').

hi(P) < hi(P) for all .

The affine semigroup ring of a polytope
Let P = conv(V) C R™ be a lattice polytope. Consider the cone over P:
op =pos{(v,1) | v €V} CR"™,

Sp = O'pﬂZnJrl.

R =Kk[Sp] = k[op N Z"].
The grading is given by the last coordinate:

deg(a,m) =m for (a,m) € Sp.

R= @ R,

m>0
dimg R, = [mP NZ"| = i(P,m).

hp(2)

Hilb(R, z) = > (dimy R,,)2" = Ep(z) = =t

m>0

Remark 4.7. The semigroup Sp = op NZ"*! is saturated because it is the set of lattice
points in a rational cone. Hochster’s theorem states that the semigroup ring of a positive
normal affine semigroup is Cohen-Macaulay. This is the commutative algebra input
behind Stanley’s proof of nonnegativity of the h*-vector.

Choose a homogeneous system of parameters
817 02; s 78714—1
Then,

Hilb(R/(01,. ., 0ns1), 2) = h}p(2).
h: = dlm]k (R/(el, c. ,9n+1))i > 0.
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P = o<+ (line segment)

\_ 0P

A Stanley-Type Inequality for h*-Vectors

Theorem 4.8 (Theorem 2). Let P be a lattice polytope and let
hp(z) = hy+ hiz+ -+ h32°

hg+hi+--+h <h.+h,_ +---+h_,

Proof. Let
R =k[opNZ"]
Q=QEeNL dNd---.
R+ R 24+ hie’
H(Q _ s s—1 0
( ’Z) (1 — Z)n—‘rl
Let u € Q. 0 uR Q Q/uR —— 0. Let M = Q/uR.

hi+hiz+---+ hiz®
H —H 0 1 s
(uR, z) (R, 2) (1= 2y
H(M,z)=H(Q,z) — H(uR, z)
(M4 heyz o+ he®) = (b + bz + -+ 2
(1 _ Z)nJrl ’

Equivalently,
S0 (hi = hy) 2

H(M,z) = 1=
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There are now two cases.

First, suppose that Q = uR. = R is Gorenstein = h; = h}_,

Otherwise,
M =Q/uR
dmM =dmR—1=n.
e et
H(M,Z):k0+klz+ + tZ’
(1—2)
where k; > 0.
HOMz) = 27 iy = 15) 2

(1 —z)ntt
Let k(z) = ko + k12 + -+ - + k2"

S

S (hiy = h3) 27 = (1= 2)k(2).

=0

ki=i<h§_j—h§>:(h§+h;‘_1+---+h:_i)—(h3+h>{+---+h3).
=0
Since k; > 0,
0< (hE+hiy+ o+ hiy) = (hg+hi+-+h),

ho+hi 4+ 0 <hi+hi 4+ +hi,

O
Remark 4.9. The key algebraic mechanism is the inclusion
An Inequality from Uniform Position
N

Theorem 4.10 (Theorem 3). Let P be a lattice polytope such that the Ehrhart ring
k[op N Z"*1] is generated in degree 1, and let

hp(z) = hy+hiz+ -+ h:2°.

Forp+q < s,

hi+ -+ hy<hy g+ +hy,.




28 | 4 Lecture 4- May 28, 2026 PASCA 2.0 Summer School

Sketch of proof from the notes. Let
R =k[opNZ"].

Proj(R) — PV,
R'=R/(©1,...,0,_1),
The Hilbert series of R’ is

Ry RzA -+ R

H(R',2) TESE

Let C C PV,
r=CnAH.

Let hr(d) denote the Hilbert function of I' in degree d. Since the points are in uniform
position, Harris” uniform position principle gives the inequality

hr(i+j) = min {#L, hr(i) + hr(j) — 1} .

B R TR R
- 1—z ’

H(T,z2)
Since i:1+z+z2—|—---,
hr(d) = h+hi + -+ hy
#I =hy+hi+---+h..
Substituting the partial-sum expression into the uniform position inequality yields
B+ - Bl > min { By b R (R B A (B e+ B)) = 1)

Which implies:

hi+-+hy <h +-+h,,

OJ

Remark 4.11. The assumption that R is generated in degree 1 is important because it
allows the Ehrhart ring to define a standard graded projective embedding. This makes it
possible to use projective-geometric tools such as Bertini’s theorem and Harris’ uniform
position principle.
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The Reeve tetrahedron

Example 4.12 (Reeve tetrahedron). Consider the lattice polytope
0101
P=conv|0 0 1 1|CR"
000 2
(0,0,0), (1,0,0), (0,1,0), (1,1,2).

(1,1,2)

Reeve
tetrahedron

(0,0,0) (1,0,0)

The cone over P is generated by the columns of the matrix

0101
B 0011
el N
1111

Notice that the integer point (1,1,1,2)7 belongs to op. Because this point cannot be
formed by adding integer points at height 1, the affine semigroup opNZ* is not generated
in height 1.

For this Reeve tetrahedron, the h*-vector is

(ht, BI, s, b)) = (1,0, 1,0).
31Vol(P) = 2,

Rp(1) =140+140=2.

The failure of generation in degree 1 is reflected in the fact that the above uniform-position
inequalities do not apply to this example.

Joins of Polytopes
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Definition and basic geometry

Definition 4.13 (Join of polytopes). Let P C R® and @ C R® be nonempty polytopes.
Their join is the polytope

P*Q:WMWG@ﬁwﬁ%peP}UK%%%Dwﬂﬂﬁ)QR““P

Remark 4.14. Geometrically, the join P x () is obtained by connecting every point of
P to every point of ) by a line segment. If P and () are nonempty, then

dim(P * Q) = dim P + dim @) + 1.

Q
e X Q:P

join of a point and a segment

P1
e A
P Po qo

join of two segments: a tetrahedron

Example involving a segment

Example 4.15. Consider the join
P %[0, 3],
dimP =3 and dim|0, 3] =1,

dim(P % [0,3]) =34+141="5,

The notes record the hA*-vector

(hg, by, k3, h3 Ry = (1,2,1,2,0).
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Remark 4.16. The displayed h*-vector has total sum

1+2+1+2+0=6.

Remark 4.17. There is a dimensional consistency issue in the raw notes: if
P is the three-dimensional Reeve tetrahedron and [0, 3] is a one-dimensional
segment, then the join has dimension 5, not 4. If instead the intended polytope
has dimension 4, then the notation P * [0, 3] must refer to a lower-dimensional P
or to a different construction. The mathematical content recorded above preserves
the stated h*-vector while flagging the dimensional ambiguity.

5 Lecture 5- May 29, 2026

Lattice polytopes and Ehrhart rings

Let
P = conv(V) CR"

VCz".

N
Definition 5.1 (Cone over a lattice polytope). The cone over P is the rational polyhedral

cone
op = pos{(v7 1)|ve V} C R™,

Remark 5.2. A point (u,m) € Z"™! lies in op if and only if m > 0 and u € mP. Hence
the degree-m lattice points in op encode the lattice points of the dilation mP.

Definition 5.3 (Ehrhart ring). The Ehrhart ring of P is the affine semigroup ring
R = k[O’p N ZnJrl].

deg(xz“t™) = m.

The canonical module of R is described by the interior lattice points of the cone:

QR = k[int(O'p) N ZnJrl} .
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Remark 5.4. This is an instance of Hochster’s theorem: normal affine semigroup rings
are Cohen—Macaulay. The semigroup opNZ"*! is saturated in its group, so its semigroup
ring is normal.

Artinian reductions and the h*-vector

Since R is Cohen—Macaulay of Krull dimension n + 1, we may choose a linear system of

parameters
01,...,0,11 € R.
A= R/(Ql, ce 7‘9n+1)R = @Az
i>0
dimy A; = h}.
N
Definition 5.5 (Ehrhart polynomial and Ehrhart series). The Ehrhart function of P is
i(P,m) = |mPNZ"|
for m € N. The associated Ehrhart series is
Ep(z) = > i(P,m)z".
m>0
The Ehrhart series has the rational form
h+hiz+ -+ hiz®
Ep(z) = (1 — Z)n+1 , S S n.
hp(z) = hi+hiz+-- -+ h}2*
h*(P) = (h, RS, ..., h%,0,...,0) € N*TL,
N
Remark 5.6. The equality
removes the denominator (1 — z)"*! from the Hilbert series of R. Indeed,
. Ry (z)
Hlle(Z) = EP(Z) = m,
Hilba(z) = hp(2).
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Reflexive polytopes

Definition 5.7 (Polar dual). Assume that 0 € int(P). The polar dual of P is
PY={yeR"| (y,z) <1forall z € P}

P°={yeR"|(y,z) > —1for all z € P}.

N
Definition 5.8 (Reflexive lattice polytope). A full-dimensional lattice polytope P C R™

is reflexive if
0 € int(P)

=
Remark 5.9. If P is reflexive, then P contains exactly one interior lattice point, namely

the origin.

Remark 5.10. More generally, if a lattice polytope has a unique interior lattice point,
then after translating this point to the origin one can ask whether the polar dual is a
lattice polytope. Reflexivity is precisely this additional integrality condition on the polar
dual.

N
Theorem 5.11 (Batyrev). Reflezive polytopes provide the combinatorial framework for

a construction of mirror symmetry. In particular, the toric varieties associated to dual
reflexive polytopes
P and pPY

N
Theorem 5.12 (Lagarias—Ziegler; Batyrev). For every fized dimension n, there are only

finitely many reflexive n-dimensional lattice polytopes up to unimodular equivalence.

-
Remark 5.13. The lecture notes indicate the finiteness theorem for reflexive polytopes.

The standard references are Lagarias—Ziegler for finiteness phenomena of lattice polytopes
with bounded data, and Batyrev for reflexive polytopes in the context of mirror symmetry.




34 | 5 Lecture 5- May 29, 2026 PASCA 2.0 Summer School

Gorenstein polytopes and reflexive polytopes

Definition 5.14 (Gorenstein Ehrhart ring). A lattice polytope P is called Gorenstein
if its Ehrhart ring
R =Kklop NZ"]

~

Remark 5.15. If P is Gorenstein, then the canonical module €23 is generated by one
homogeneous monomial. Equivalently, the interior lattice points of op are obtained from
a single interior lattice point by adding the semigroup op N Z" "1,

~

Theorem 5.16 (Hibi). A lattice polytope P is Gorenstein if and only if there exist r € N
and o € 2" such that
rP —a«

is reflexive.

~

Corollary 5.17. If P is reflexive, then P is Gorenstein.

Proof. 1f P is reflexive, then the statement follows from Hibi’s criterion with » = 1 and

a=0.
Example 5.18 (The cube). Let
O, = [0, 1]".

over the affine semigroup, by
(1,...,1,2) € Z".

20, — (1,...,1) = [-1,1)"

For n = 2, the picture is the square [—1, 1]*> with the origin as its unique interior lattice
point.

— <

20, — (1,1) = [—1,1]2

O
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Symmetry and unimodality of h*-vectors

If P is reflexive of dimension n, then its Ehrhart ring is Gorenstein. Consequently, the
h*-polynomial is palindromic:

h; =h,_, forall 0 <¢ < n.

h*(P) = (1,h},h5, ... h3 hi,1).

Definition 5.19 (Unimodality). A sequence
(ag, a1, ..., an)
is called unimodal if
ag < ap <o <A > A 2 2 Gy

If it is additionally symmetric, then unimodality means

ap < ayp < - < Ay

Question 5.20 (Unimodality problem for reflexive polytopes). If P is reflexive, must
the h*-vector of P be unimodal? Equivalently, must one have

ho < hy <. < hjyp?

Conjecture 5.21 (Ohsugi—Hibi [?]). For any IDP reflexive lattice polytope P C R",
the coefficients of the h*-polynomial are unimodal:

hgghig"'ghfd/QJ:th/Q]Z"'Zh:l'

This is the updated form of a conjecture of Hibi [?], after Mustata and Payne gave an
example showing the necessity of the IDP assumption [?].

Remark 5.22. The statement sometimes appears with extra hypotheses, for example
normality or standard generation of the Ehrhart ring. These hypotheses are important
and should not be omitted. Reflexivity alone gives symmetry of the h*-vector, but not
unimodality.
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Hard Lefschetz philosophy

Let i
A=R/(01,...,001)R=EP A,
i=0
If R is Gorenstein, then A is an Artinian Gorenstein algebra. In this case the Hilbert function

of A is symmetric:
dimk Az = dlmk As_i.

N
Definition 5.23 (Strong Lefschetz property). The Artinian graded algebra A has the

strong Lefschetz property if there exists a linear form ¢ € A; such that, for all k£ with
0 < k < |s/2], the multiplication map

st_QkZ Ak — As—k

is an isomorphism.

The Lefschetz maps have the form

l 1 l
A(] x A1 a >A2 x >A3—>"'.

x £ Xl o4 Xl
A Ay Ay e A,

Proposition 5.24. If A has the strong Lefschetz property, then the Hilbert function of
A is unimodal. In particular, the h*-vector of P is unimodal.

Proof. For i < [s/2], the strong Lefschetz property implies that multiplication by ¢ is
injective:

A Ai—l — Az
dimk Az’—l S dlm]k Al
h; { <h; for ¢« < |s/2].
imply unimodality. 0
Equivalently, for ¢ < |s/2], if multiplication by £ is injective, then the quotient

B=AJ(A

has dimension

dimk Bz = dln’lk Az — dlmk Az’—l == ]’L;k - h;‘il Z 0.
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-
Remark 5.25. The lecture notes mention work of Adiprasito, Papadakis, Petrotou, and

Steinmeyer in connection with Lefschetz-type theorems for face rings and polyhedral or
toric settings.

Question 5.26. Suppose P is normal, equivalently suppose the Ehrhart ring

k[op N Z" 1]

N
Remark 5.27. Normality or standard generation is a natural commutative-algebraic

hypothesis because it says that every lattice point in mP decomposes as a sum of m
lattice points in P. Equivalently, the semigroup of the cone is generated by its degree-1
elements.

Bounding lattice polytopes by /*-data

~
Theorem 5.28 (Hensley, 1982). Fix positive integers n and K. If P is an n-dimensional

lattice polytope with
hy(P)=K >0,

only onn and K:
Vol(P) < C(n, K).

Remark 5.29. The assumption K > 0 is essential.

Example 5.30 (Unbounded volume when h¥ = 0). Consider the lattice simplex in R?
with vertices given as the columns of the matrix

0

e}

1 01
01 1/.
0 0 p

o

P, = conv{(0,0,0), (1,0,0), (0,1,0),(1,1,p)}.

vol(P,) = g
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(1,1,p)

(0,1,0)

(0,0,0) (1,0,0)
vol(F,) = p/6

Theorem 5.31 (Lagarias—Ziegler). Fiz n and K > 0. There are finitely many iso-
morphism classes, up to unimodular equivalence, of n-dimensional lattice polytopes
satisfying

hr(P) =K.

Degree bounds and the theorem of Haase—Nill-Payne

Definition 5.32 (Degree of a lattice polytope). The degree of P is the degree of its
h*-polynomial:

deg(P)=s  where  hp(z) =hi+hjz+---+h 2" and h] #0.

~

Theorem 5.33 (Haase-Nill-Payne, 2009). If P has degree s, then its volume is bounded
above by a constant depending only on s and the leading nonzero h*-coefficient h:

Vol(P) < C(s, h}).

N

Corollary 5.34. If P has fixed degree s and fixed leading coefficient
hi(P) = K,

hi+ bt + -+ bt = Vol(P) < C(s, K),

Remark 5.35. The equality
hg + -+ 4+ hi = Vol(P)

With Euclidean volume, the equality differs by the factor n!.
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Consequently, if
h*(P) = (hg, b, ..., hi = K),

h; < C(s, K,1).

h} counts the number of interior lattice points of P:

hy = |int(P) NZ"|.

Socles of Artinian reductions

Let
A=A AP - ® A,

m:A+:A1@A2@@AS

Definition 5.36 (Socle). The socle of A is
Soc(A) =(0:am)={a € A|ma=0}.

homogeneous element of positive degree.

Remark 5.37. The standard socle definition is

Soc(A) = (0 :4 m),

If A is Artinian Gorenstein with socle degree s, then
Soc(A) = A,

dimy Soc(A) = 1.

Remark 5.38. For a general Artinian reduction of a Cohen—Macaulay Ehrhart ring, it
is not automatic that Soc(A) = A,. This equality holds in the Artinian Gorenstein case.
In the non-Gorenstein case, the socle may have components in several degrees.

The lecture notes record the following guiding principle.

Proposition 5.39 (Guiding principle). Let P be a standard lattice polytope, so that its
Ehrhart ring R = k[ P] is generated in degree 1. Let

A=R/(ly,...,0)
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be an Artinian reduction by a linear system of parameters. Then

If the top socle degree of A is bounded by s and the total socle dimension

is bounded by T, then the coefficients hf(P) are bounded in terms of s and T.

dimy A; = B (P).

dimy Soc(A)

Remark 5.40. This principle reflects the fact that the Hilbert function of a standard
graded Artinian algebra is constrained by Macaulay-type growth conditions. The
socle records where multiplication by positive-degree elements fails to be injective, so
controlling the socle gives information about the possible shape of the Hilbert function.
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